We construct new, multivariate empirical relations for measuring neutron star radii and tidal deformabilities from the dominant gravitational wave frequency in the post-merger phase of binary neutron star mergers. The relations determine neutron star radii and tidal deformabilities for specific neutron star masses with consistent accuracy and depend only on two observables: the post-merger peak frequency f peak and the chirp mass M chirp . The former could be measured with good accuracy from gravitational waves emitted in the post-merger phase using next-generation detectors, whereas the latter is already obtained with good accuracy from the inspiral phase with present-day detectors. Our main data set consists of a gravitational wave catalogue obtained with CFC/SPH simulations. We also extract the f peak frequency from the publicly available CoRe data set, obtained through grid-based GRHD simulations and find good agreement between the extracted frequencies of the two data sets. As a result, we can construct empirical relations for the combined data sets. Furthermore, we investigate empirical relations for two secondary peaks, f 2−0 and f spiral , and show that these relations are distinct in the whole parameter space, in agreement with a previously introduced spectral classification scheme. Finally, we show that the spectral classification scheme can be reproduced using machine-learning techniques.
I. INTRODUCTION
The first detection of gravitational waves (GWs) from a binary neutron star (BNS) merger, GW170817, in August of 2017 signaled the beginning of the era of GWmultimessenger astronomy [1] . Finite-size effects during the pre-merger phase lead to constraints on the tidal deformability [2] (which is related to the radius) directly from the GW signal [1, [3] [4] [5] [6] . With additional detections expected in the forthcoming observation runs of the aLIGO/aVIRGO detectors it is expected that constraints from the inspiral phase will gradually tighten e.g. [3, [7] [8] [9] [10] [11] [12] .
Employing a multi-messenger interpretation of GW170817, i.e. exploiting additional information from the electromagnetic counterpart, additional constraints on neutron-star (NS) parameters were derived including a robust lower bound on NS radii [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Constraints on NS radii and the tidal deformability can be directly translated to constraints on the high-density part of the NS equation of state (EOS) [4, [25] [26] [27] [28] .
Another method for directly measuring NS radii is through observations of the postmerger phase of BNS mergers (see [29, 30] for initial publications and [31, 32] for recent extensive reviews and references therein). For GW170817 the GW instruments were not yet sufficiently * Electronic address: svretina@physics.auth.gr † Electronic address: niksterg@auth.gr ‡ Electronic address: a.bauswein@gsi.de sensitive to detect GW emission from the postmerger phase [33] , but measurements can be anticipated when the detectors reach design sensitivity or when projected upgrades are installed, e.g. [34] . For typical NS masses, this method is complementary to measuring the tidal deformability in the inspiral phase, but it also has the potential of placing even tighter constraints on the radius of massive NS, the maximum mass of nonrotating NSs, the tidal deformability or to probe the existence of a quark core [30, [35] [36] [37] [38] [39] . This is because the remnant in the postmerger phase reaches higher maximum densities that are inaccessible by methods which consider the relatively light progenitor stars before merging.
The remnant of a BNS merger that has a sufficiently low mass to avoid prompt collapse is a stable or metastable differentially rotating NS remnant, whose dynamics are influenced mainly by the EOS, the total binary mass and the mass ratio. Gravitational waves emitted in the post-merger phase contain quasi-discrete, long-lived frequency components, as well as short-lived initial transients, e.g. [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . These originate from specific mechanisms that are sensitive to the EOS. By relating the postmerger spectrum to properties of individual NSs one can constrain the EOS.
Specifically, the postmerger spectrum has several distinct peaks in the kHz regime which are produced by certain physical mechanisms connected to oscillation modes and dynamical features of the postmerger remnant. The dominant oscillation frequency f peak in the GW spectrum is a generic feature, which occurs in all merger simulations that do not result in a prompt collapse [50] . The underlying mechanism that produces this frequency is the excitation of the fundamental quadrupolar fluid mode l=m=2, as shown in [41, 51] .
At frequencies somewhat smaller than f peak two additional, potentially detectable secondary peaks can appear, f 2−0 and f spiral [40] [41] [42] 51 ]. If we denote the frequency of the fundamental quasi-radial mode of the remnant as f 0 (which itself produces extremely weak GW emission), then quasi-linear combination frequencies f 2±0 = f 2 ± f 0 are present in the GW spectrum (where f 2 ≡ f peak ). The existence of such combination frequencies is a natural consequence of the nonlinear nature of the evolution of simultaneous oscillations in the remnant. In some models, the f 2−0 peak is potentially detectable, while in others it is suppressed, due to a strong damping of the postmerger quasi-radial oscillations [42] .
The other secondary peak, f spiral occurs at frequencies between f 2−0 and f peak [42] . This secondary peak is generated by the orbital motion of two antipodal bulges that form at the surface of the remnant after the merging, due to a tidal deformation, which has a spiral form in the case of equal-mass remnants. Matter in the two antipodal bulges orbits around the remnant with an orbital frequency smaller than the pattern speed of the l = m = 2 f −mode oscillating in the inner region. This is a transient feature that lasts only for a few milliseconds.
Bivariate empirical relations between the dominant postmerger frequency f peak and EOS properties were first investigated for fixed binary mass configurations varying the total mass and the mass ratio [29, 30] . Stellar parameters of nonrotating NSs are uniquely linked to the EOS through the Tolman-Oppenheimer-Volkoff (TOV) equations. For example, the peak frequency f peak of 1. 35-1.35 M mergers shows a clear correlation with the radius R 1.35 of a nonrotating NS with 1.35 M (see Fig. 4 in [29] and Fig. 12 in [30] ). Similar tight correlations exist for other fiducial masses (see Figs. 9 to 12 in [30] ). The tightest relation for a 1. 35-1.35 M is with the radius R 1. 6 . This relation can be written as f peak = −0.2823 · R 1.6 + 6.284, for f peak < 2.8kHz, −0.4667 · R 1.6 + 8.713, for f peak > 2.8kHz, (1) (the maximum deviation of the data points from a leastsquare fit is considered as figure of merit to assess the quality and accuracy of the relations). For R 1.6 the maximum scatter is less than 200 m.
For other fixed binary masses, e.g. 1.2-1.2 M , 1.2-1.5 M or 1.5-1.5 M mergers, similar scalings between f peak and NS radii exist [30] and a single relation, scaled by the total mass is [51] f peak /M tot = 0.0157 · R 2 1.6 − 0.5495 · R 1.6 + 5.5030, (2) (see [37] for a similar rescaling but with the tidal coupling constant). For nonrotating stars it is known that the fundamental quadrupolar oscillation mode roughly scales with the mean density M/R 3 [52] . For fixed-mass sequences a strong radius dependence may thus be expected. Since the mass of merger remnants typically exceeds the maximum mass of nonrotating NSs, the oscillation frequencies of the remnant cannot be directly connected to oscillation modes of a nonrotating NS of the same mass. But, the corrections by rotation and the extrapolation to higher masses are likely to depend in a continuous manner on the EoS. A detailed investigation of oscillation modes of differentially rotating merger remnants is still to be developed, but quasi-normal modes for uniformly rotating stars in full general relativity have already been calculated [53] . A tentative explanation of the relations between f peak and NS properties is presented in [54] . For a detailed summary of the work leading to the present publication see the review article [31] .
Here, we extend the scaled bivariate empirical frequency-radius relations of [51] to multivariate relations, by including the dependency on the chirp mass M chirp of binary systems. This dependency of frequency on both the radius and chirp mass is expanded to second order, yielding accurate empirical relations over a wide range of masses. The procedure is repeated for the secondary peaks, demonstrating a clear distinction between f 2−0 and f spiral , in agreement with [42] . For f peak , we also construct the inverse multivariate empirical relations, which describe the radius as a function of f peak and M chirp , again with terms expanded up to second order. These inverse relations can be implemented directly in the data analysis of GW searches [34, 45, [55] [56] [57] [58] and show a consistency in determining the radius over a wide range of neutron star masses.
Moreover, we employ a machine-learning algorithm to corroborate the existence of distinct classes of postmerger spectra, depending on the strength and presence of the different secondary GW features. The algorithm detects three different types of postmerger spectra, fully in line with the spectral classification scheme introduced in [42] , where three classes of postmerger GW spectra were manually identified depending on presence or absence of f 2−0 and f spiral .
Constraints on the high-density EOS can also be set by inferring the tidal deformability of neutron stars in the inspiral phase (see [1, [3] [4] [5] [6] 59] as well as [32] and references therein). On the other hand, when using gravitational waves generated by the postmerger oscillations, the EOS constraints obtained through the inference of the tidal deformability should be nearly (but not exactly) equivalent to EOS constraints obtained through the inference of radii. In addition to our empirical relations for radii, we thus construct multivariate empirical relations also for tidal deformabilities.
In [37] , a bivariate empirical relation between f peak M tot and the dimensionless quadrupole tidal coupling constant κ T 2 was found (see also [43, 47] ), whereas in [60] a similar relation in terms the mass-weighted tidal deforma-bilityΛ (adjusted for the mass dependence) was constructed. The multivariate relations we construct are of the form Λ x (M chirp , f peak ), where Λ x is the dimensionless tidal deformability at a specific mass (indicated as the subscript x in solar masses). These relations depend only on quantities that are directly measurable from the gravitational wave signal and are of significantly better accuracy than corresponding bivariate relations.
The paper is organized as follows. In Sect. II we summarize the data which we use for constructing empirical relations. Then we describe fits for postmerger GW frequencies in Sect. III. Sect. IV discusses the results of machine-learning algorithms, which we employ for the identification of different types of postmerger spectra. In Sect. V empirical relations for the determination of NS radii from measured postmerger frequencies are presented. We describe an application of these relations for constraining the mass-radius relation of neutron stars in Sect. VI. The validation of the empirical relations using an independent data set is discussed in Sect. VII. Sec. VIII presents empirical relations for the dominant postmerger frequency in terms of tidal deformabilities and Sect. IX discusses the inverse relations. We close with a discussion and our conclusions in Sect. X.
Throughout the text, all frequencies in empirical relations and figures are given in units of kHz and all masses are given in units of M and refer to the gravitational mass (for binary systems at infinite orbital separation). Radii refer to the circumferential radius.
II. DATA SETS
We construct empirical relations for the main postmerger GW frequencies using two different catalogues of GW waveforms. We start with 90 waveforms produced by a smoothed-particle (SPH) hydrodynamics code [30, 36, 42, 61] in the general-relativistc spatial conformal flatness (CFC) approximation [62, 63] . After establishing the new empirical relations, we use 28 waveforms of the publicly released CoRe data set [64] (which were produced by simulations in full general relativity and with high-resolution shock-capturing methods) to confirm the validity and accuracy of the new empirical relations. Finally, we produce empirical relations based on the combined data sets.
A. CFC/SPH GW catalogue
Our first GW catalogue of BNS mergers is produced with a 3D SPH code [30, [65] [66] [67] , which employs the CFC approximation for the evolution of the spacetime [62, 63] . Gravitational waves are extracted through a modified version of the quadrupole formula [66] . Both temperature-dependent EOSs and cold, barotropic models with an approximate treatment of thermal effects (see [68] for details and an assessment of this approximation in the context of BNS) are used. There are 49 equal mass models, with masses ranging from 1.2 M to 1.9 M and 41 unequal mass models, with masses ranging from 1.2 M to 2.0 M and mass ratios as low as 0.67. A summary of the main properties of this catalogue is given in Appendix D in Table II and in Appendix A in  Figs. 13 and 14. Before Fourier transforming the time domain data, we applied a Tukey window with a rolloff parameter α = 0.1 and zero padded each time series to 16384 samples in total. We construct the effective amplitude h e f f = h √ f , whereh is the Fourier transform of the time domain GW signal, from which individual frequency peaks are extracted.
The extraction of the dominant postmerger frequency f peak is always unambiguous, since it is the peak with the highest effective amplitude in the postmerger phase. For the extraction and identification of the two secondary peaks f 2−0 and f spiral we use the spectral classification scheme introduced in [42] , which distinguishes three different types of postmerger spectra: Type I , where f 2−0 dominates over f spiral , Type II, where f 2−0 and f spiral are roughly comparable in amplitude, and Type III, where f spiral dominates over f 2−0 . The occurrence of the different types depends in a systematic way on the EOS and the binary masses. Specifically, the f 2−0 frequency can be found in the range f peak − 1.3kHz to f peak − 0.9kHz (except for models very near the threshold mass to collapse, where the quasi-radial frequency diminishes) whereas the f spiral frequency can be found in the range f peak − 0.9kHz to f peak − 0.5kHz. In the cases where a model is of Type I ( f 2−0 dominates over f spiral ) or Type III ( f spiral dominates over f 2−0 ) the correct identification of the main secondary frequency is straightforward. In a small number of mainly Type IIs cases, where f 2−0 and f spiral are of comparable amplitude, some further considerations were required (for example, extraction of the quasi-radial frequency from the hydrodynamical simulation) in order to correctly identify the secondary peaks.
In order to relate the postmerger GW frequencies to the radius of individual nonrotating stars, we computed nonrotating models of different masses with the same set of EOSs as for the BNS merger simulations. For EOSs that are defined as a piecewise polytropes in [69] , we used the pyTOVpp code [92] , whereas other EOSs were implemented in their original tabulated form with the RNS code [70] . Small discrepancies that arise in the determination of the radius of a nonrotating star between the tabulated and the piecewise polytropic approximation of an EOS are within the maximum deviation of the empirical relations.
B. CoRe GW catalogue
The CoRe GW catalogue [64] is a large public database of BNS waveforms constructed through simulations in full numerical relativity. We selected a subset of models for which the initial stars have zero spin and eccentricity lower than 0.02. In cases where the same model is available for multiple resolutions, we selected the highest resolution (denoted as R01 in [93]). Also, in cases where multiple waveforms were available for initial setups that differed only slightly in mass (due to a different initial separation distance), we selected the model with the lowest initial GW frequency (at the start of the simulation, before merger) which corresponds to the largest initial seperation distance. The subset of models we selected from the CoRe GW catalogue are described in more detail in Appendix B, in Figs. 15 and 16 and in Appendix D in Table III . This subset includes equal-mass models in the mass range 1.35 M to 1.5 M and unequal mass models in the mass range 0.94 M to 1.94 M and with a mass ratio as low as 0.49. There are 6 different EOS in this subset of selected models (compared to 13 different EOS in the Bauswein et al. catalogue described in Sec. II A). It also covers a smaller range of chirp masses, 1.06 − 1.2, compared to 1.04 − 1.65 in the CFC/SPH GW catalogue, but a larger range of mass ratios, 0.49 − 1.0, compared to 0.67 − 1.0 in the CFC/SPH GW catalogue. For more detailed information on the specific models we selected see the references [37, [71] [72] [73] [74] [75] [76] [77] .
For our seleced subset of models from the CoRe cata-logue we only extracted the dominant f peak frequency, in the same way as described in Sec. II A. These frequencies are then used in Sec. VII to validate the empirical relations constructed with the CFC/SPH GW catalogue, but also to construct empirical relations for the combined data set (i.e. combination of the Bauswein et al. data and the selected subset of the CoRe catalogue) in Sec. VII.
III. EMPIRICAL RELATIONS FOR FREQUENCIES BASED ON THE CFC/SPH CATALOGUE
Using a least-squares minimization method [94] (see [78] ), we construct two-parameter relations of the form f j (R x , M chirp ), where j stands for one of the three frequency peaks f peak , f 2−0 or f spiral and x stands for the mass of fiducial nonrotating NS models, in solar masses (e.g. R 1.6 stands for the radius of a nonrotating model of mass M = 1.6M ).
M chirp is the usual chirp mass for inspiraling binaries. Relations are obtained both for the subset of equal mass configurations and for the whole set of models, which includes both equal and unequal mass configurations.
The two-parameter empirical relations of the form f j (R x , M chirp ) were chosen to be second-order expansions in the two parameters (including a mixed term):
This relation was obtained for different values of the mass of the fiducial nonrotating NS models (different values of x in R x ). Specifically, we employ R 1.2 , R 1.4 , R 1.6 and R 1.8 . In each case, the maximum residual and the adjusted coefficient of determination R 2 was evaluated (see Table IV in Appendix E). Below, we present for each post-merger frequency the empirical relation that has the smallest error.
A. Empirical relations for f peak For the dominant postmerger peak frequency f peak and using the subset of equal-mass configurations, the empirical relation with the smallest error is obtained for NSs of mass 1.6M :
This fit has a maximum residual which translates to 0.196 kHz over the whole parameter space and R 2 = 0.98. The coefficients b 0b 5 for the empirical relations constructed for other masses are shown in Table IV in Appendix B. The maximum residual in f peak ranges from 0.196 kHz to 0.257 kHz. For the whole set of models (including both equal and unequal masses), we display the empirical relations of the form of Eq. (3), for R x =1.2, 1.4, 1.6 and 1.8 M , in Fig.  1 (notice that the surfaces in this figure are only shown in regions where data points are available, whereas for higher chirp masses and soft EOSs, i.e. small NS radii, the merger remnant directly collapses to a black hole and does not produce strong postmerger GW emission -see [35] for an empirical relation for the threshold mass to collapse). The empirical relation with the smallest residual is obtained for neutron stars of mass 1.8M :
which has a maximum residual that translates to 0.247 kHz over the whole parameter space and R 2 = 0.976. The coefficients b 0b 5 for the empirical relations constructed for other masses are shown in Table IV in Appendix B. The maximum residual in f peak ranges from 0.247 kHz to 0.374 kHz.
B. Empirical relations for f 2−0
For the secondary postmerger frequency f 2−0 and using the subset of equal-mass configurations, the empirical relation with the smallest error is obtained for neutron stars of mass 1.6M :
with a maximum residual that translates to 0.229 kHz and R 2 = 0.931. The coefficients b 0b 5 for the empirical relations constructed for other masses are shown in Table  IV in Appendix E. The maximum residual ranges from 0.229 kHz to 0.366 kHz. For the whole set of models (including both equal and unequal masses), the empirical relation with the smallest error is obtained for neutron stars of mass 1.6M :
with a maximum residual that translates to 0.252 kHz and R 2 = 0.947. The coefficients b 0b 5 for the empirical relations constructed for other masses are shown in Table IV in Appendix E. The maximum residual in f 2−0 ranges from 0.252 kHz to 0.383 kHz.
C. Empirical relations for f spiral
For the secondary postmerger frequency f spiral and using the subset of equal-mass configurations, the empirical relation with the smallest error is obtained for neutron stars of mass 1.8M :
with a maximum residual that translates to 0.286 kHz and R 2 = 0.944. The coefficients b 0b 5 for the empirical relations constructed for other masses are shown in Table  IV in Appendix E. The maximum residual in f spiral ranges from 0.286 kHz to 0.422 kHz.
For the whole set of models (including both equal and unequal masses), the empirical relation with the smallest error is obtained again for neutron stars of mass 1.8M :
with a maximum residual that translates to 0.27 kHz and R 2 = 0.93 . The coefficients b 0b 5 for the empirical relations constructed for other masses are shown in Table  IV in Appendix E. The maximum residual in f spiral ranges from 0.27 kHz to 0.438 kHz. 
D. Comparison of distinct postmerger frequencies
In Fig. 2 . we display the surfaces corresponding to the empirical relations for the three different postmerger frequencies f peak , f spiral and f 2−0 for the whole CFC/SPH dataset, as a function of M chirp and R x (using R 1.6 in the left panel and and R 1.8 in the right panel). The surfaces are shown only in regions where data exist. It is clear that the three frequencies are distinct in the whole parameter space. This verifies that the two secondary post-merger frequencies f 2−0 and f spiral are distinct, each satisfying a different empirical relation, as proposed in [42] . Our findings are in contrast with the "quasi-universal" relation that was initially proposed in [43, 79] for a single secondary postmerger frequency, denoted there as f 1 . Ref. [47] accepts the existence of distinct postmerger frequencies, noting that their f 1 frequencies coincide with f spiral in many models and with a different mode in other models (the f 2−0 frequency is identified in some models), but f 1 is still treated as a single feature of the post-merger spectrum that appears to satisfy a quasi-universal relation in the whole parameter space. Inspecting the data for the different extracted frequencies published in [47] , one can make the case that a) their f 1 frequency coincides with f spiral of [42] in part of the parameter space, whereas it coincides with f 2−0 in other parts of the parameter space. This has already been remarked in [42] and argued to be fully in line with the therein devised unified picture of postmerger GW emission. This scheme explains (by the underlying physical mechanisms) which secondary peaks are particularly pronounced for different setups (binary mass, EOS) and may thus be denoted as f 1 (see also [45, 51, 80] for further explanations).
Since f spiral and f 2−0 are in fact distinct frequencies of different origin, that do not satisfy universal relations (unless one restricts to fixed masses), it follows that the quasi-universal relation for f 1 suggested in [43, 79] and again in [47] can only thought of as a very rough relation, having a large spread of data points (as is also evident from several outliers in the relevant figures published in the above references). The f spiral frequency (and hence also f 1 in [43, 47, 79] ) is, in reality, not univer-sal, but satisfies relations of the form (3) for each chosen mass of nonrotating models (see also Fig. 7 in [42] regarding the non-universality of f spiral and [31] for a more extended discussion). Furthermore, [47] suggest that (in their notation) f 2 ( f 1 + f 3 )/2. But, there is no a priori reason for this relation to hold for models where f 1 is in fact f spiral . Instead, the existence of the quasi-linear combination frequencies f 2−0 and f 2+0 naturally implies
IV. SPECTRAL CLASSIFICATION OF POSTMERGER FREQUENCIES USING MACHINE LEARNING
In [42] , a spectral classification scheme was introduced, based on the relative amplitudes between the postmerger f 2−0 and f spiral frequencies (see also [31] for a recent review). Here, we reproduce the classification of [42] , using a machine-learning algorithm.
We choose to define the distance between two waveforms s and h to be
where M is the match
with (.|.) being the scalar product
implemented through [81] (we note that for the purpose described below, other definitions of the distance between two waveforms may also be used). Above, we denote withs the Fourier transform of a waveform s and withs * its complex conjugate. S n ( f ) corresponds to the advanced LIGO BNS-optimized noise [82] .
We calculated the n × n distance matrix between all of the n = 89. GW spectra of the whole CFC/SPH dataset, FIG. 3: Spectral classification of the postmerger GW emission, as obtained by a machine-learning algorithm, applied to the whole CFC/SPH data set. The classification is shown in the mass vs. radius parameter space of isolated, nonrotating neutron star models, constructed with various EOS and masses. A clustering algorithm separates the models into three different types (shown as red boxes for Type I, black × for Type II and blue circles for Type III). Then, a supervisedlearning classification algorithm locates the borders between the three different types in this parameter space (see text for details). The region corresponding to each type is shown in different color. The results confirm the spectral classification scheme introduced in [42] . Compare to Fig. 5 in [42] , where waveform models were classified manually, yielding a very similar pattern that is here reproduced by an automated machine-learning algorithm.
in the frequency range between f low = 1 kHz and f high = 4 kHz (in which the three dominant postmerger frequencies lie).
The data were clustered with two algorithms of the publicly available python library Scikit-Learn [83] . Both algorithms detect the number of distinct classes (without any prior information on their possible number) and depend on specific input parameters related to their algorithmic implementation. Both the Affinity Propagation algorithm, with a damping factor of 0.82 and a preference of 0.34 and the DBSCAN algorithm, with parameters ε = 0.05 and a minimum of six points per class detected the existence of three distinct classes, as was proposed in [42] . We retain the same nomenclature as in [42] , that is, we call a postmerger spectrum Type I when f 2−0 is stronger than f spiral (occurring for soft EOS and total binary mass not far from the threshold mass to prompt collapse), Type II when these two secondary postmerger frequencies have comparable amplitudes (occurring for moderately soft EOS and intermediate total binary masses) and Type III when f spiral is stronger than f 2−0 (occurring for stiff EOS and total binary mass far from the threshold mass to prompt collapse), see [31, 42, 45, 51] for a more detailed description. Fig. 3 shows the different models of the whole CFC/SPH dataset, in a mass vs. radius graph, where in each case the mass and radius of the isolated neutron stars before merger is indicated (for each EOS that was used). In the case of unequal mass mergers, the isolated model is shown for M tot /2, where M tot = M 1 + M 2 is the total mass of the individual stars. Type I models are showns as red boxes, Type as black × and Type III as blue circles. The labels of each data point are used in a classification algorithm, in order to find the borders between the different spectral classes in the mass vs. radius parameter space. Specifically, we used the Multi-layer Perceptron (MLP) supervised learning algorithm, with an adaptive learning rate and with the limited-memory BFGS algorithm as a solver, available also as part of the Scikit-Learn library (other options were set to their default values). Fig. 3 shows the boundaries between the different spectral classes, obtained in this way (the region corresponding to each spectral class is shown in a different color). These results are consistent with the postmerger spectral classification scheme introduced in [42] .
Notice that in the case of LS375 1.8+1.8, the fundamental radial mode is around f 0 ∼ 600Hz, which is less than the typical range for other models, because this model is very close to the threshold mass. As a result, the secondary peaks in the postmerger spectrum appear in opposite order, compared to lower-mass cases (for somewhat higher central density the remnant would have a quasi-radial frequency even smaller, tending to zero, which marks the onset of collapse). Because of this exceptional morphology, the spectrum of this model was classified as type II by the algorithm described above. Demanding that the fundamental radial mode frequency f 0 only decreases as one approaches the threshold mass to collapse, for a given EOS, restores the correct identification of the secondary peaks and is used as an additional criterion in setting the right labels in Knowing the reason, we still show this single data point as type I in Fig.  3 (in our sample this re-labeling was needed only for the LS375 1.8+1.8 model). possible forms, we found that a good choice is the second order expansion in both f j and M chirp (including the mixed term)
(more details on the performance of the above and of other investigated forms are given in Appendix E). When constructing the empirical relations of the form (13), we noticed the following optimization: for the
we use only the data for which M chirp > 1.3. This is natural, since the lower mass (M chirp ) binaries are not suitable for inferring information for neutron stars of large mass and vice versa. Since, in this way, the dataset is separated into two regions, depending on the target radius, we use the superscript (< or >) in naming the empirical relations. We note that for the R 1.6 ( f j , M chirp ) relation we use the whole dataset, since this is an intermediate case.
We emphasize that in principle one should consider dis-tinct relations for relatively small ranges in M chirp , which can be measured with high precision, as those relations should yield the tightest correlations and thus the smallest errors in radius measurements through postmerger GW emission. This approach, however, requires an even larger set of simulations with systematically varied binary mass parameters, especially the mass ratio.
A. Empirical relations for R 1.2
For R 1.2 and using the subset of equal-mass configurations, the empirical relation with the smallest error is
with a maximum residual of 0.52 km and R 2 = 0.945. The coefficients b 0b 5 for the empirical relations constructed when using other frequencies are shown in Table V in Appendix E. The maximum residual ranges between 0.52 km and 0.8 km. For the whole set of models (including both equal and unequal masses), the empirical relation with the smallest error is
with a maximum residual of 0.526 km and R 2 = 0.951. The coeffients b 0b 5 for the empirical relations constructed for other frequencies are shown in Table V in Appendix E. The maximum residual ranges between 0.526 km and 0.737 km.
B. Empirical relations for R 1.4
For R 1.4 and using the subset of equal-mass configurations, the empirical relation with the smallest error is
with a maximum residual of 0.412 km and R 2 = 0.966. The coefficients b 0b 5 for the empirical relations constructed when using other frequencies are shown in Table  V in Appendix E. The maximum residual ranges between 0.412 km and 0.731 km.
For the whole set of models (including both equal and unequal masses), the empirical relation with the smallest error is
with a maximum residual of 0.493 km and R 2 = 0.968. The coefficients b 0b 5 for the empirical relations constructed when using other frequencies are shown in Table  V in Appendix E. in Appendix B. The maximum residual ranges between 0.493 km and 0.676 km.
C. Empirical relations for R 1.6
For R 1.6 and using the subset of equal-mass configurations, the empirical relation with the smallest error is obtained when using the dominant postmerger frequency f peak
with a maximum residual of 0.462 km and R 2 = 0.97. A comparable performance is obtained when using the secondary postmerger frequency f 2−0
which has a maximum residual of 0.465 km and R 2 = 0.942. The coefficients b 0b 5 for the empirical relation constructed when using f spiral are shown in Table V in Appendix E. Among all different choices, the maximum residual ranges between 0.462 km and 0.706 km. We stress that secondary peaks being weaker in gravitational waves are more difficult to detect and typically have a larger full width at half maximum (FWHM) implying that the error of a frequency measurement of secondary features in a GW detection will be larger compared to that of the main peak.
For the whole set of models (including both equal and unequal masses), the empirical relation with the smallest error is obtained when using the secondary postmerger frequency f 2−0
with a maximum residual of 0.518 km and R 2 = 0.955. A comparable performance is obtained when using the dominant postmerger frequency f peak
with a maximum residual of 0.526 km and R 2 = 0.969. The coefficients b 0b 5 for the empirical relation constructed when using f spiral is shown in Table V in Appendix E. Among all different choices, the maximum residual ranges between 0.518 km and 0.674 km.
D. Empirical relations for R 1.8
For R 1.8 and using the subset of equal-mass configurations, the empirical relation with the smallest error is obtained for the secondary postmerger frequency f spiral 
with a maximum residual of 0.212 km and R 2 = 0.951. A comparable performance is obtained when using the dominant postmerger frequency f peak
with a maximum residual of 0.276 km and R 2 = 0.951. The coefficients b 0b 5 for the empirical relation constructed when using f 2−0 are shown in 
with a maximum residual of 0.275 km and R 2 = 0.958. The coefficients b 0b 5 for the empirical relations constructed for other frequencies are shown in Table V in Appendix E. The maximum residual ranges from 0.275 km to 0.569 km.
E. Comparing the performance of empirical relations for radii
For the whole set of models (including both equal and unequal masses), we display the empirical relations of the form of Eq. (13), for R X =1.2, 1.4, 1.6 and 1.8 M , when using f peak , in Fig. 4 (notice that the surfaces in the different panels of this figure are only shown in regions where data points are available). Each R x depends mainly on f peak and to a smaller degree on M chirp , as anticipated from the previous results by [30] (see e.g. [31] for a review). If one would not be interested in the smallest possible residual, then a linear approximation (a plane surface in this figure) would be sufficient. But, for high accuracy, the extension to second order, as is done here through Eq. (13), is required.
Since the empirical relations R 1.6 ( f 2−0 , M chirp ) and R 1.8 ( f spiral , M chirp ) had a comparable accuracy to the corresponding relations with f peak , we display these in Fig.  5 . For R 1.6 ( f 2−0 , M chirp ), the dependence on M chirp is weak, but for R 1.8 ( f spiral , M chirp ) it is strong in the limit of low masses.
Relations of the form of Eq. (13) can be used to obtain the radii R x at different masses, when using any of the three postmerger frequencies f peak , f 2−0 or f spiral . We investigated the performance of each empirical relation in obtaining R x and a comparison is shown in Fig. 6 (the top row corresponds to equal-mass models only). In each panel, we show the percentage of data points that have the smallest residual among the different choices for the postmerger frequency (each column corresponds to a different mass R x ). For all different masses, the corresponding radius of nonrotating stars is obtained more accurately when using the empirical relations for f peak in more than 50% of cases. For the remaining cases, the empirical relations using either the f 2−0 or the f spiral frequencies were more accurate in predicting radii, with the relations using f 2−0 outperforming the relations using f spiral for most masses, except for the lowest mass of 1.2M maybe to help to explain these data: These statistics exemplify that for the majority of all models the f peak data points are closest to the respective empirical relation, whereas the data points of secondary peaks show a much larger scatter on average. Generally, these figures imply that other statistical measures for the quality of empirical relations (involving some sort of weighting like the 2-norm) would reveal tighter relations for f peak in comparison to the subdominant frequencies, but as commented in Sect. X we do not follow this approach here.
We emphasize that the errors we quote for radius measurements through relations of the form of Eq. (13) represent upper limits (the maximum residuals correspond to the worst case in the whole sample) using our currently large set of representative EOS. These maximum residuals can improve in two ways: First, in an actual detection, binary mass parameters, such as the chirp mass and the mass ratio, will be measured. Hence, employing optimized relations that can be constructed for a nar- rower range of measured binary parameters will likely result in significantly smaller residuals. Second, future EOS constraints from a variety of experimental and observational methods may faithfully restrict the sample of representative EOS to a smaller sample, spanning a narrower region in the mass vs. radius parameter space. We therefore anticipate that our empirical relations of the form of Eq. (13) will significantly improve over time.
In a realistic detection scenario, the signal-to-noise ratio (SNR) of each frequency peak will determine its detectability and greatly influence its accuracy in measuring radii. In this sense, we expect the dominant postmerger frequency f peak to play the dominant role in measuring radii, with the other two frequencies (typically having smaller SNR and larger width than f peak ) being useful for extracting additional information on the characteristics of the postmerger remnant. These considerations and the data displayed in Fig. 6 demonstrate that f peak is the most promising feature for EOS constraints from the postmerger phase.
It is fortunate that the empirical relations for R > 1. 8 have very small residuals, between 0.212 km and 0.275 km. When one considers the currently available observed sample of neutron stars in binary systems, it is reasonable to expect that neutron stars with a mass of 1.8M will only rarely be members of merging binary systems (see e.g. [84] [85] [86] ). Even less frequent would be a case of equal mass mergers with both stars having such a high mass. This implies that it will be quite difficult to accurately measure the radius or tidal deformability of high-mass neutron stars, when using methods based on the inspiral part of the gravitational-wave emission, i.e. methods based on measuring the tidal deformability (see, e.g. [32] for a recent review and references therein) or frequencies excited through resonances (see e.g. [87] ). Moreover, finite-size effects decrease for higher masses as the tidal deformability is smaller. Hence, even if the inspiral of a high-mass binary is observed, the extraction of NS parameters may be more challenging and associated with larger errors. In contrast, the postmerger empirical relations (22), (23) and (24) provide a competitive method for measuring the radius of high-mass neutron stars and thus for constraining the very high density part of the EOS.
VI. CONSTRAINING THE MASS-RADIUS RELATION
We consider three particular case studies, where we a assume that a certain EOS is the correct one, a soft EOS, APR, an intermediate EOS, DD2 and a stiff EOS, TM1. For the soft EOS APR we assume that the dominant postmerger frequency f peak is detected in a single event with M chirp < 1.3M (specifically, from a 1.35 + 1.35M merger), whereas for the other two EOS we assume that f peak is detected in two distinct binary neutron star merger events, one with M chirp < 1.3M (a 1.35 + 1.35M merger) and a second with M chirp > 1.3M (a 1.6 + 1.6M merger). Fig. 7 shows the predicted radii R We assume that either the APR, DD2 or TM1 EOS is the correct EOS of high-density matter and predict the radius for certain masses. In the mass range of 1.2 − 1.6M , the true radius is within the maximum possible residual of ∼ ±0.5km from the predicted radius. For 1.8M (EOS DD2 and TM1 only) the true radius is within a smaller maximum possible residual of only ∼ ±0.28km from the predicted radius.
ual of each empirical relation that was used. Filled boxes correspond to empirical relations that are valid for M chirp < 1.3M , while filled triangles correspond to empirical relations that are valid for M chirp > 1.3M .
From the results displayed in the figure, it is apparent that our empirical relations can be used to constrain the mass-radius relation of nonrotating neutron stars with a maximum uncertainty of about ±0.5km in the range 1.2 − 1.6M and with an even smaller maximum uncertainty of ±0.28km for neutron stars of mass 1.8M (see Sec. X for discussion). Such radius constraints can readily be translated to constraints on the pressure vs. energy density, P( ), relation, i.e. the EOS (see e.g. [4, [25] [26] [27] [28] ).
In our examples the actual recovery of the radii for individual models is much better than indicated by the error bars. This is because we assign the maximum residual as error bar because one cannot know a priori how well the true EOS of NSs follows the empirical relations. By considering a large representative sample of candidate EOS, we expect that the maximum residual among all viable EOS models provides a safe proxy for the error although it is quite possible that the actual error will be smaller. We emphasize again that the error can be further reduced by considering empirical relations for a fixed chirp mass or a chirp mass within a small range (recall that the chirp mass can be measured very precisely from the inspiral phase). The situation depicted in Fig. 7 Red points correspond to CFC/SPH data and green points correspond to data extracted from the CoRe GW catalogue. surface for R 1.8 and all binary mass configurations.
VII. VALIDATION OF EMPIRICAL RELATIONS USING FREQUENCIES EXTRACTED FROM THE CORE GW CATALOGUE
Using the CoRe GW catalogue, we extracted the peak post-merger frequency f peak for each waveform and then constructed empirical relations of the form f peak (R x , M chirp ) and R x ( f peak , M chirp ) (additional relations based on other post-merger frequencies will not be reported here). The aim was to validate the empirical relations constructed with the CFC/SPH dataset of Bauswein et al. using a dataset that was obtained with very different numerical methods. The second-order dependence of the empirical relations on the dependent variables is rather weak. The CFC/SPH dataset of Bauswein et al. had a sufficient number of data points such that second-order empirical relations lead to advantages compared to simpler first-order ones. The models of the CoRe dataset used here are fewer and the maximum residual is comparable between the choices of first-order or second-order empirical relations. In the following, we will present some examples of second-order empirical relations constructed using the combined data sets (adding the models of the CFC/SPH and CoRe datasets).
We construct new empirical relations for the combined dataset of the CFC/SPH models and our subset of CoRe models. For the dominant postmerger frequency peak and using the subset of equal-mass configurations, the empirical relation with the smallest error is obtained for neutron stars of mass 1.8M .
with a maximum residual of 0.14 kHz and R 2 = 0.975. In this case, the addition of the CoRe data to the CFC/SPH dataset improves the empirical fit somewhat, resulting in a slightly higher R 2 and somewhat smaller maximum residual than for the CFC/SPH dataset alone. Similarly, when using the whole set of models, the empirical relation with the smallest error is obtained for neutron stars of mass 1.8M .
with a maximum residual of 0.197 kHz and R 2 = 0.966. Figure (8) shows the above empirical fit as a surface as well as the CFC/SPH data points (red dots) and the CoRe data points (green points). The distribution of the CoRe data points is in excellent agreement with the distribution of the CFC/SPH data points. Turning to the inverse empirical relations of the form R x ( f peak , M chirp ), for M = 1.6M and using the subset of equal-mass configurations, the empirical relation for the radius is with a maximum residual of 0.654 km and R 2 = 0.954. The corresponding surface and data points are shown in Fig. 9 . For M = 1.6M the addition of the CoRe data points thus somewhat increases the maximum residual and this trend continues for lower masses, pointing to small systematic differences due to the different numerical treatments between the two data sets. Note that there are too few data points for high-mass models in our chosen subset of CoRe models. We thus do not construct a new relation for the radius of neutron stars with mass M = 1.8M .
VIII. EMPIRICAL RELATIONS FOR f peak USING TIDAL DEFORMABILITIES
In [37] , an empirical relation between f peak M tot and the dimensionless quadrupole tidal coupling constant
was found, where q :
are the dimensionless quadrupole Love numbers and C A,B := M A,B /R is compactness (see also [43, 47] ). Ref. [60] reports that practically the same accuracy is achieved when using the massweighted tidal deformabilitỹ Λ = 16 13
in place of κ T 2 and an improvement is obtained by defining a new variable
where a = −131.701 (determined empirically by minimizing the RMS error) and M TOV max is the maximum mass for nonrotating models allowed by a given EOS. The second term in (31) absorbs (to some degree) the mass dependence of the empirical relation found in [37] (see also [88] ).
The variable ζ used in the bivariate empirical relation in [60] depends on the tidal deformabilities of both stars, as well as on M TOV max . Determining ζ through a measurement of f peak does not lead to a direct constraint on the tidal deformability Λ x at a specific mass (but indirect constraints could be inferred). A bivariate relation of the form f peak (Λ x ) can be expected, since there exists a direct relation Λ x (R x ), as demonstrated in [89] for the particular case of Λ 1.4 (see also [5] ). Indeed, we find such a relation in Section IX B.
Even tighter empirical relations than the bivariate f peak (Λ x ) relation discussed in Section IX B can be obtained by adding another variable, i.e. by constructing relations of the form f peak (Λ x , M chirp ). Such a multivariate relation can also be constructed using the mass-weighted tidal deformabilityΛ. We thus seek relations of the form
where Λ is a placeholder for eitherΛ or Λ x . The exponent of −1/2 in the last term was determined empirically. We chose M chirp instead of M tot in [37, 60] , since it is better constrained by observations. In this section we will only use the CFC/SPH dataset.
A. Empirical relations usingΛ
ForΛ and using the whole set of models, including both equal and unequal mass configurations, the empirical relation for the frequency f peak is
with a maximum residual corresponding to 0.302 kHz in terms of the frequency f peak and R 2 = 0.985. The corresponding surface and data points are shown in Fig.  10 . Restricting to equal-mass configurations, one obtains comparable (only slightly better) values for the maximum residual and R 2 of the fit. Moreover, restricting to a bivariate relation of the type f peak (Λ) (motivated by the bivariate relations found in [37, 60] ) one obtains a relation (the inverse of theΛ( f peak ) fit discussed below in Section IX A), which has a similar maximum residual and R 2 as for the multivariate fit (33) and is comparable with the fits in [37, 60] . Thus, for the relation between f peak andΛ there exists no obvious advantage in using a multivariate relation of the form (33) , but this changes, when we consider tidal deformabilities at specific masses, Λ x , as we show below. Note that the accuracy can increase significantly, if one considers setups with a fixed total binary mass. In [39] the maximum residual when using Λ 1.35 was found to be only of order 100Hz for symmetric binaries of 1.35+1.35M employing a large set of purely hadronic EOS.
B. Empirical relations using different Λ x
We construct empirical relations for f peak using different Λ x , where x = 1.4, 1.6 and 1.8. Here, we present the relations only for the whole set of models, including both equal and unequal-mass models (restricting to equal-mass models only, yields slightly better fits).
For Λ 1.4 the empirical relation is
with a maximum residual of 0.452 kHz in terms of the frequency f peak and R 2 = 0.971. We note that neglecting the exponent of −1/2 in the last term of (34) gave a slightly better fit, but we keep this exponent for uniformity with the corresponding relations for higher masses. For Λ 1.6 the empirical relation is
with a maximum residual of 0.373 kHz in terms of the frequency f peak and R 2 = 0.973 (see left panel of Fig. 11 ) and for Λ 1.8 the empirical relation is
with a maximum residual of 0.283 kHz in terms of the frequency f peak and R 2 = 0.967 (see right panel of Fig.  11 ).
IX. EMPIRICAL RELATIONS FOR TIDAL DEFORMABILITIES USING f peak
We construct multivariate and empirical relations for the tidal deformabilitiesΛ and Λ x with x = 1.4, 1.6 and 1.8. The relation forΛ has the form of
whereas the relations for different Λ x are of the form
(the above forms represent optimal choices among a number of different versions that we investigated).
In addition, we explore bivariate relations of the form Λ( f peak M chirp ) and Λ x ( f peak /M chirp ), in which the product f peak M chirp or the ratio f peak /M chirp , correspondingly, are treated as a single variable. 
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A. Empirical relations forΛ
ForΛ and using the subset of equal-mass configurations, the empirical relation using the frequency f peak is
with a maximum residual of 315.8 and R 2 = 0.985, whereas using the the whole set of models, including both equal and unequal mass configurations, the empirical relation is
with a maximum residual of 433.1 and R 2 = 0.975 (see top left panel of Fig. 12 ).
ForΛ we also construct a bivariate empirical relation of the formΛ
where the product z = f peak M chirp is treated as a single variable (this is motivated by the existence of bivariate relations of the form z(κ T 2 ) in [37] and z(Λ) or z(ζ) in [60], but we use a different functional form of the fit, that gave a smaller residual).
For the subset of equal-mass configurations, we find b 0 = 0.836 and b 1 = 36014, with a maximum residual of 325.5 and R 2 = 0.979, whereas for the whole set of models, including both equal and unequal mass configurations, we find b 0 = 0.817 and b 1 = 37096, with a maximum residual of 403.1 and R 2 = 0.969 (see top right panel of Fig. 12 ).
We thus find that the bivariate empirical relation of the form (41) is of comparable accuracy as the multivariate empirical relation of the form (37) and the latter does not have an advantage over the former, as anticipated by the results of Section VIII A.
B. Empirical relations for Λ x
Next, we construct multivariate empirical relations of the form (38) for different Λ x , where x = 1.4, 1.6 and 1.8. Here, we present the relations only for the whole set of models, including both equal and unequal-mass models (restricting to equal-mass models only yields fits of comparable accuracy).
The empirical relations we construct are: Notice that the maximum residual in Λ x is getting smaller as the target mass increases. Finally, we construct bivariate empirical relations of the form Λ x (u), where the ratio u = f peak /M chirp is treated as a single variable. The empirical relations are
(maximum residual of 345.4 and R 2 = 0.92),
(maximum residual of 187.4 and R 2 = 0.931, see bottom right panel of Fig. 12 ), and
(maximum residual of 107.5 and R 2 = 0.911).
The multivariate empirical fits (42) − (44) have a maximum residual for Λ x that is consistently roughly half of the corresponding maximum residual for the bivariate fits (45) − (47) This allows for an accurate determination of the tidal deformability at specific masses, Λ x , through the observables f peak and M chirp , which would then place direct constraints on the EOS. This is complementary (and of similar accuracy) to the accurate determination of radii at specific masses, R x , which we presented in Sections V and VI.
We note that further reduction of the maximum residual can be attained for certain fixed chirp masses (or fixed total masses), essentially taking slices of the empirical surface in Fig. 12 for fixed M chirp (which will be known to high accuracy from the inspiral phase). Such relations for fixed binary setups as shown in [39] should be ultimately used for constraints on the tidal deformability from f peak because they yield the smallest scatter, which determines the systematic error. Binary masses can be accurately measured for events where postmerger GWs are detectable.
X. DISCUSSION AND CONCLUSIONS
In this paper we explore empirical relations for distinct postmerger GW frequencies of BNSs such that they can be directly implemented in GW data analysis procedures for parameter estimation. These frequencies are extracted from a large representative sample of BNS merger simulations for different binary mass configurations and model EOSs. We employ results from two different catalogues of simulations, which are based on different numerical codes. We focus on relations between postmerger GW frequencies, the chirp mass of the binary system and NS radii. The latter are determined by the incompletely known EOS, and we investigate radii of different fiducial NS masses to characterize different density ranges of the EOS.
Since the binary mass ratio q may not be measured with high precision, our complete set of models includes binaries within a relatively large range of mass ratios. To approximately assess the impact of the mass ratio, we derive empirical relations also for equal-mass mergers only and find unsurprisingly tighter relations. This demonstrates that, if available, information on q should be included in such empirical relations.
Because we aim at GW data analysis applications, we derive two separate sets of relations. Once, the GW frequencies are dependent variables. This type of relations can be implemented to predict the expected postmerger GW signal for given EOS models (Sect. III) and may be linked to EOS information from the GW inspiral phase. The maximum residuals found for our relations may be used to quantify the uncertainties (or to define priors in other types of analyses). For another set of relations, NS radii are treated as dependent variables. These relations can be employed to determine NS radii from the measurement of postmerger GW frequencies (Sect. V).
By using a large sample of BNS simulations we can assess the quality of the individual empirical relations, which we obtain by least-square fits. We quantify the accuracy of these relations by the maximum residual. This deserves a comment. The maximum residual is the most meaningful figure of merit for an empirical relation because any other statistical measure could be strongly biased by the chosen sample of underlying models. This is because the data for constructing the fits do not follow a statistical distribution, but they are simply given by the available models for the EOS and chosen simulation setups. We caution that even if one uses some sort of parametrization of the EOS, it is not obvious that one can employ other statistical measures to assess the quality of an empirical relation. It is not clear which distribution the parameters should follow in order to be representative unless they can be physically motivated. Moreover, the space of EOS parameters is mapped in a non-trivial way on NS properties and GW frequencies. Obviously, also the maximum residual depends on the underlying data. But we expect that by employing a very large sample of models, the data will contain the most extreme outliers. Then, the maximum residual provides a meaningful upper limit on the uncertainties and by how much the true value could at most deviate from the fit.
Our main findings can be summarized as follows.
(1) We find generally tight relations between postmerger GW frequencies, the chirp mass and NS radii. Typically maximum residuals are of the order of 300 Hz (or a few hundred meters if NS radii are the dependent quantity).
(2) Apart from tight relations for the dominant postmerger GW frequency, we confirm the existence of two separate empirical relations for two distinct subdominant peaks of the postmerger GW spectrum, in agreement with [42, 51] . These findings are in tension with the interpretation of [43, 79] that a single universal function is sufficient to describe the behavior of subdominant peaks in the postmerger GW spectrum. (Slight disagreements of up to a few 100 Hz between the frequencies of secondary peaks predicted by fit formulae in [42] on one hand and the data in [47] on the other hand are fully compatible with the scatter of the fit formulae in [42] and the maximum residuals we observe in this study for a larger set of models.) The existence of two distinct subdominant peaks, and thus corresponding relations, is impressively corroborated by a machine learning algorithm, which identified three different classes of postmerger spectra in remarkable agreement with the classification scheme introduced in [42] .
The machine-learning method employed here may be used for an automated identification of the type of postmerger spectrum in numerical simulations or in future GW data analysis application.
(3) For most relations investigated here those with the dominant postmerger frequency f peak yield the smallest maximum residual in comparison to relations where the subdominant peaks were used. This stresses the importance of f peak for EOS constraints, considering also that secondary peaks may be harder to measure (because of their lower signal-to-noise ratio) and may yield larger statistical errors in a measurement because of their generally larger width in comparison to f peak .
(4) Our study also confirms that radii of high-mass NSs are more suitable to describe the EOS dependence of postmerger frequencies [30] . We compare empirical relations for R 1.2 , R 1.4 , R 1.6 and R 1.8 , i.e. we characterize a given EOS by the radius of nonrotating NSs with different masses of 1.2 M , 1.4 M , 1.6 M and 1.8 M . The radii of nonrotating NSs with different masses represent integral characteristics of the EOS in different density regimes, i.e. high-mass NSs reflect the EOS behavior at higher densities. Empirical relations for postmerger frequencies with R 1.6 or R 1.8 lead to systematically smaller maximum residuals considering the full range of binary masses. This behavior had already been observed in [30] and explained by the fact that during merging the densities increase, which is why high-mass NSs better represent the density regime of the postmerger remnant and thus its GW emission. The confirmation of this finding is important because the inspiral GW signal of a BNS constrains the EOS regime of the two coalescing stars stars, which in most cases are expected to be NSs with moderate masses. Moreover, the finite-size effects of highmass NSs decrease in magnitude and are thus harder to measure with good accuracy. Hence, measuring radii of high-mass NSs through the postmerger phase provides complementary information on the high-density regime of the EOS.
(5) Constructing different fits in this work, we recognize, not unexpectedly, that it is meaningful to restrict the parameter range, because this leads to tighter relations and thus implies smaller uncertainties in applications of these relations, e.g. for radius measurements. For instance, we find that considering only equal-mass mergers leads to tighter fits. In this context we briefly comment on the analysis of [90] who find a somewhat larger scatter between f peak and NS radii compared to previous results. This observation, however, is entirely a consequence of including unequal-mass binary configurations as well as equal-mass binaries with a variation of the binary mass ratio comparable to that inferred for GW170817 (i.e. between about 0.7 and 1.0). Considering for instance only the equal-mass results of [90] yields similarly tight relations as in previous studies. In future events which will allow the extraction of postmerger GW frequencies, the binary mass ratio can be expected to be measured with significantly better precision than for GW170817 [91] . We thus expect that empirical relations of the form we employ here, specialized to certain ranges for the binary mass ratio, would still have maximum residuals comparable to what is found in previous and the present works.
We also emphasize that Ref. [90] use a simplified description of the NS crust. The crust EOS in fact is known with better precision. This explains a quantitative bias between the GW frequencies in [90] compared to the pre-vious fitting formulas in [30] which are based on a proper description of the crust material. We expect that GW frequencies are, to good approximation, unaffected by the description of the crust EOS, while TOV solutions and thus NS radii do change by several 100m if a simplified NS crust is employed. Correcting this systematic underestimation of NS radii by the crust treatment, one finds that the equal-mass data of [90] are in excellent agreement with the fit formula in [30] . We remark that a similar issue arises for the relations presented in [43, 47, 79] , where the simplified crust treatment also introduces a quantitative bias, which implies that the resulting fit formulae cannot be directly applied for comparisons or for radius/EOS constraints. Instead the systematic shift of the TOV solutions should be removed for real applications.
Restricting our sample of models to a smaller range in the chirp mass, yields smaller maximum residuals. This is not unexpected considering previous results in the literature, which often focused on fixed binary mass configurations and found generally smaller deviations. Recall that the chirp mass is measured with very good precision from the GW inspiral phase.
We also anticipate that including additional constraints on the possible EOSs will result in more accurate fits with smaller maximum residuals. We do not further elaborate these considerations because in this study we want to quantify the maximum possible deviations from empirical relations for the postmerger GW emission. We expect to obtain robust upper limits by considering the largest possible set of models, which likely includes the most extreme, and possibly unrealistic, cases. We thus study here the worst-case scenario and stress that in future measurements significant improvements are anticipated if additional limits on the parameter range (mass ratio, chirp mass, EOS) are taken into account.
Notice that a few of the EOS we use are somewhat (but not dramatically) disfavoured by the inferred EOS constraints by the GW170817 event (the radii for typical neutron star masses are about 1km larger than the 90% credibility constraints in [4] ). When tighter EOS constraints from the inspiral phase (or from other observational methods) become available, then this will reduce the available parameter space, leading to improved empirical relation for the post-merger phase.
(6) As another important step to assess the maximum residuals and the quality and reliability of empirical relations for the dominant postmerger frequency f peak , we construct fits based on two independent catalogues of models (CFC/SPH and CoRe). We do not find significant systematic differences between the two data sets, which is important because the codes are based on different numerical methods and slightly differ with regard to the implemented physical model. We also observe that the maximum residuals do not appreciably change if we include the second data set to our baseline models (CFC/SPH). This may indicate that the maximum residuals determined in this study are approximately con-verged. (7) We confirm the existence of a bivariate empirical relation forΛ, e.g. [37, 43, 60] . For the tidal deformability at specific masses Λ x (which is related to the radius at specific masses R x ) we find accurate multivariate empirical relations, which can lead to tight constraints on the EOS. The empirical relations involving the tidal deformability can actually be improved by fixing the chirp mass (or total binary mass), as demonstrated in [39] .
We conclude by mentioning a few caveats of our study and describe directions of future research. The data sets which we employ for constructing fits are based on a large sample of models but not on a systematic variation of the model parameters, which is in particular for the EOS not trivial to realize. Hence, the derived fits as well as the corresponding maximum residuals may be to some extent biased by the available models for instance because 1.35-1.35 M binary models are over-represented, as a very common configuration. It may be interesting to choose merger models in a more systematic way, to check whether the current study is prone to selection effects. We also emphasize that the occurrence of a strong first-order phase transition (no included in the present study) can lead to a significant increase of the postmerger frequencies and thus to deviations from the empirical relations which are based on models without strong phase transitions [39] . This also deserves more attention in future work. Finally, this study highlights the potential of machine learning for the recognition of specific types of postmerger spectra, which are linked to the underlying dynamics. Future work should explore whether these algorithms work in GW data analysis of actual events. masses of the binary system ( Fig. 16 ). Table I summarizes equilibrium properties of nonrotating models for all EOS used in the present study. Specifically, the radius of isolated, cold equilibrium models of mass M = 1.2, 1.4, 1.6 and 1.8M is shown. Table II lists the extracted postmerger oscillation frequencies ( f peak , f 2−0 , f spiral ) along with the individual masses m 1 , m 2 , the chirp mass M chirp and the mass ratio q for the models comprising the CFC/SPH GW catalogue. Table III lists f peak , m 1 , m 2 , M chirp and q for the models comprising the subset of the CoRe GW catalogue used in the present study (in addition, f gw is the GW frequency of the binary system at the start of the simulation, as defined in the CoRe GW catalogue).
Appendix E: Regression information for the empirical relations for frequencies and radii constructed with the CFC/SPH GW catalogue Table IV lists the detailed information for the empirical relations of the form (3) f j (R x , M chirp ) for the three different postmerger frequencies f peak , f 2−0 and f spiral . R x is the radius of nonrotating models of mass x (in M ). The table includes the values of coefficients b 0 , ..., b 5 of the fit, the adjusted R 2 of the fit, the maximum and the mean residual as well as the standard deviation of the residuals.
Table V lists the detailed information for the empirical relations of the form (13) R x ( f j , M chirp ). The parameter f j stands for the three different postmerger frequencies f peak , f 2−0 and f spiral . In all cases, we show fits for either the subset of models where the two components of the binary system have equal masses or for the whole set of models. Note that R < x (R > x ) stands for fits where only the low-mass (high-mass) portion of the data was used. The table includes the values of coefficients b 0 , ..., b 5 of the fit, the adjusted R 2 of the fit, the maximum and the mean residual as well as the standard deviation of the residuals. II: Extracted postmerger oscillation frequencies ( f peak , f 2−0 , f spiral ) along with the individual masses m 1 , m 2 , the chirp mass M chirp and the mass ratio m 1 /m 2 ≤ 1 for the models comprising the CFC/SPH GW catalogue.
EoS f peak f 2−0 f spiral m 1 m 2 M chirp m 1 /m 2 EoS f peak f 2−0 f spiral m 1 m 2 M chirp m 1 /m 2 (kHz) (kHz) (kHz) (M ) (M ) (M ) (kHz) (kHz) (kHz) (M ) (M ) (M ) apr 3. 46 III: Extracted frequency f peak , along with individual masses m 1 , m 2 , chirp mass M chirp and mass ratio q for the models comprising the subset of the CoRe GW catalogue used in the present study (in addition, f gw is the GW frequency of the binary system at the start of the simulation, as defined in the CoRe GW catalogue).
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